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Abstract: This article has experimental nature. The values of the dynamic elastic modulus (Young’s modulus) of gamma 
polymer concrete composites are determined quantitatively. The tested samples have the form of a rectangular parallelepiped 
(type bar). 

The dynamic Young’s modulus of the samples is determined by the method of the experimental modal analysis. Impact 
excitation was applied for expressing the resonance frequencies in the tests of bending and twisting the sample. The test results 
were processed with regression analysis.  
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1.  Introduction  
Polymer concrete composites are more frequently used as 

structural material for bodies and body parts of production 
machines, due to their good strength and deformation properties, as 
well as damping properties [7].  Generally until this moment, the 
elastic properties of these materials were studied in static tests. One 
of the advanced methods for determining their dynamic elastic 
properties is the method of the experimental modal analysis.    

 Compared to the static tests, the method of the experimental 
modal analysis [4] has a number of advantages, the most important 
of which are that it does not involve destruction, provides accurate 
results and is very mobile. 

Subject of the study in this publication are gamma polymer 
concrete composites, developed and made in the Laboratory for 
testing and studying of metal cutting machines at Technical 
University – Sofia, Plovdiv Branch. The experimental samples have 
the form of rectangular parallelepiped (type bar) with dimensions   
30x30x350 mm. The subject of the study of this work is the 
quantitative determination of the elastic modules of gamma 
composites. For this reason, the theory of Timoshenko [2] was 
applied, regarding the vibration behavior of prismatic bars, and the 
standard ASTM E1876-02 [1].   

 
2. Theoretic prerequisites  
 The dynamic Young's modulus is calculated by the 

following equation [1]: 
2 3 3

10.9465( / )( / )d fE mf b L t T=                       (1) 
where: 

dE - Young’s modulus,;  
m - weight of the bar; 
b - width of the bar; 
L - length of the bar; 
t  - thickness of the bar; 

ff - fundamental resonant frequency of bar in flexure; 

1T  - geometric correction coefficient.  
The fundamental resonance frequency at bending is 

measured according to the standard. It is measured at the end 
conditions shown on Fig.1, i.e. positioned on two supports 
located at the two ends of the sample, at a distance of 22% of 
its length L [3].   

If L/t > 20, then the influence of the geometric 
parameters of the sample is considered as minor, and 1T  may 
be calculated directly by the equation (2): 

2
1 [1.000 6.585( / ) ]T t L= +                        (2) 

If  L/t < 20, the value of 1T  will be calculated by the 
following equation: 

 

1
2 2 41.000 6.585(1 0.0752 0.8109 )( / ) 0.868( / )

2 48.340(1 0.2023 2.173 )( / )
2 21.000 6338(1 0.1408 1.536 )( / )

Т t L t L

t L

t L

µ µ

µ µ

µ µ

= + + + − −

+ +
−

+ + +   

(3) 

 
As Poisson’s ratio µ  is an unknown value until this 

moment, then in calculating 1T  from the formula (3) an 
estimated value is assumed for 0µ . Subsequently, the ratio 
may be determined by the iteration procedure after 
calculating the dynamic shear modulus Gd, according to the 
algorithm shown on Fig.2. 

 
Fig. 1. Setting for measuring the vibrations at bending  

 
Fig. 2. Algorithm for determining Poisson’s ratio  
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Fig. 3.  Measurement of the vibrations of torque 

 
 The dynamic shear modulus dG  is calculated by the 

following equation:   
 

24( / )[ / (1 )]d TG Lmf bt B A= +             (4) 
where: 

Tf  - is the fundamental resonance torque frequency, 
Fig.3.   

A and B are correction empirical coefficients for width 
and thickness. 

 

2 6

/ /
/ ( / ) 2.52( / ) 0.21( / )

b t t bB
t t b t b t b

+
=

− +
                 (5) 

 
2 3

2

[0.5062 0.8776( / ) 0.3504( / ) 0.0078( / ) ]
[12.03( / ) 9.892( / )

b t b t b tA
b t b t

− + −
=

+
  (6) 

 Poisson’s ratio is calculated on the basis of the ratio 
of isotropic behavior of the material:  

( / 2 ) 1d dE Gµ = −                              (7) 
The experimental results for the dynamic modules of the 

linear dE  and cross dG  deformation of the polymer concrete 
samples are obtained by impulse excitation, Fig.4.  The 
frequencies ff

 
and Tf  are determined by the frequency 

ranges, obtained from impulse excitation of the samples, 
Fig.5 and 6. 

The measuring equipment includes: microphone by the 
company "Аudio-technica" - АТ2031, power hammer, and 
specialized software "Spectra PLUS". On the grounds of the 
obtained reports for the frequency ranges, the data we are 
interested in are defined and presented in Table 1.  

 
3. Processing of results  
The experimental polymer concrete composites are 

multicomponent systems with interdependent and bilaterally 
limited components due to which the regression models 
represent the so called aligned (canonical) polynomials.   

The mathematical and statistical processing is made with 
the software product MINITAB 17. For the mathematical 
description of the target function ŷ  - (the module of linear 
deformation E ) an aligned model of third power of the 
following type is used: 

 

1 2 1

1 1 1 1 1 1

ˆ
q q q q q q

i i ij i j ijl i j l
i i j i i j i l j

y b x b x x b x x x
− − −

= = = + = = + = +

= + +∑ ∑ ∑ ∑ ∑ ∑
   

(8)
 

 
Таблица  1                                                           Module  values   

Sa
m

pl
e 

№ f f  

[Hz]
f t

 [Hz]
m 

[kg]
G d 

[Pa]
E d 

[Pa]
µ

1.1 931 3243 0,738 1,43E+10 3,37E+10 0,176
1.2 928 3250 0,735 1,43E+10 3,33E+10 0,163
1.3 933 3235 0,737 1,42E+10 3,38E+10 0,187
2.1 872 3029 0,726 1,23E+10 2,90E+10 0,183
2.2 870 3021 0,725 1,22E+10 2,89E+10 0,184
2.3 873 3032 0,718 1,22E+10 2,88E+10 0,183
3.1 973 3384 0,738 1,56E+10 3,68E+10 0,180
3.2 966 3381 0,733 1,54E+10 3,60E+10 0,165
3.3 972 3378 0,731 1,54E+10 3,63E+10 0,182
4.1 870 3081 0,729 1,28E+10 2,90E+10 0,138
4.2 864 3078 0,732 1,28E+10 2,87E+10 0,124
4.3 873 3085 0,727 1,28E+10 2,91E+10 0,143
5.1 825 2908 0,701 1,09E+10 2,51E+10 0,149
5.2 823 2903 0,703 1,09E+10 2,51E+10 0,147
5.3 818 2897 0,704 1,09E+10 2,48E+10 0,138
6.1 730 2618 0,682 8,62E+09 1,91E+10 0,110
6.2 738 2637 0,676 8,66E+09 1,94E+10 0,118
6.3 734 2621 0,680 8,61E+09 1,93E+10 0,119
7.1 802 2874 0,701 1,07E+10 2,37E+10 0,111
7.2 796 2854 0,700 1,05E+10 2,33E+10 0,110
7,3 800 2868 0,694 1,05E+10 2,34E+10 0,110
8.1 788 2722 0,685 9,36E+09 2,24E+10 0,196
8.2 785 2712 0,688 9,33E+09 2,23E+10 0,196
8.3 792 2742 0,687 9,52E+09 2,27E+10 0,191
9.1 798 2838 0,708 1,05E+10 2,37E+10 0,128
9.2 808 2878 0,713 1,09E+10 2,45E+10 0,125
9.3 808 2876 0,716 1,09E+10 2,46E+10 0,126

10.1 832 2978 0,734 1,20E+10 2,67E+10 0,114
10.2 835 2980 0,728 1,19E+10 2,67E+10 0,120
10.3 827 2971 0,732 1,19E+10 2,63E+10 0,106
11.1 814 2854 0,701 1,05E+10 2,44E+10 0,161
11.2 811 2834 0,698 1,03E+10 2,42E+10 0,169
11.3 817 2864 0,701 1,06E+10 2,46E+10 0,161
12.1 773 2762 0,706 9,93E+09 2,22E+10 0,118
12.2 768 2743 0,708 9,82E+09 2,20E+10 0,119
12.3 772 2758 0,704 9,87E+09 2,21E+10 0,118
13.1 857 2957 0,717 1,16E+10 2,77E+10 0,199
13.2 851 2953 0,729 1,17E+10 2,78E+10 0,185
13.2 849 2947 0,723 1,16E+10 2,74E+10 0,184
14.1 938 3215 0,740 1,41E+10 3,43E+10 0,215
14.2 942 3217 0,745 1,42E+10 3,48E+10 0,224
14.3 927 3204 0,738 1,40E+10 3,34E+10 0,195
15.1 814 2854 0,696 1,05E+10 2,43E+10 0,161
15.2 809 2831 0,705 1,04E+10 2,43E+10 0,165
15.3 817 2850 0,693 1,04E+10 2,43E+10 0,173
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Fig. 4. Experimental setting for determining ff

 
and Tf  

 
Fig.5. Frequency range for ff  sample 3.2 

 
Fig. 6. Frequency range for Tf  sample 3.2 

 
The data in Table 1 is processed and the following 

regression model was obtained: 
 

1 2 3 4 1 2

1 3 1 4 2 3 2 4

3 4 1 2 3 1 2 4

1 3 4 2 3 4

663 1252 255 45 9735
8509 1071 6059 1854
616 11988 13391
14193 5012

ˆ x x x x x x
x x x x x x x x

x x x x x x x x
x x x x x x

y = + − + − −
+ − − − −
+ + + +
− +       

(9) 

 
Model adequacy: 

The coefficient of determination is calculated, 
namely 2 98,96%R = , while the corrected coefficient of 
determination has the following value 2 98,53%adjR = . In 

order to check the significance of 2R  a value has been 

calculated, having Fisher’s distribution:  
2

2

0,7604 227,97
0,0033

R

rez

sF
s

= = =
          

(10) 

In Table [5] with Fisher’s distribution ТF  was calculated 
with significance level 0,05α =  and degrees of freedom 
 13Rv = ;  31rezv = : 

            

( 0,05 ;13 ;31 ) 2,01ТF F= =                     (11) 
 

As (131,1 2,01)ТF F> >  a conclusion can be made that 
2R  is significant.  

In order the coefficient to be significant, the following 
have to be valid | | ( ; )T rezi t vt α≥ . In Table [6] with 
Student’s distribution, with level of significance 0,05α =  
the following was reported    ( 0,05;31) 1,695Tt = = . On the 
basis of a comparison of Tt  with the values of Table [6], the 
conclusion can be made that almost all coefficients are 
insignificant with the exception of one. 

The analysis of the residuals is made by means of the 
charts of standardized residuals, Fig.7.  

 
Table 2                            Quote from the report 

 
 

The analysis of the residuals is made by means of the 
charts of standardized residuals, Fig.7.  

Fig. 7 clearly shows the presence of 3 mistakes: 
Observation №25, №26 and №27. The experimentally 
measured values of the controllable parameter are:  

25 2,370y = , 26 2,450y =  and 27 2,460y = ,  while the 
forecasted values of the model are: 25,26,27 2,562y = . The 
difference is significant and respectively the standardized 
residual is 25 3,49d = − , 26 2,04d = −  and 27 1,85d = − . This 
provides us grounds to eliminate observations №25, №26 
and №27 to process the data again.  

 

 

 
  

Fig. 7. Graphs residues 
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After their elimination the following regression model is 
obtained: 

1 2 3 4 1 2

1 3 1 4 2 3 2 4

3 4 1 2 3 1 2 4

1 3 4 2 3 4

622 1206 171 43 9386
7784 1010 6431 1787
502 12977 12951
13203 5451

ˆ x x x x x x
x x x x x x x x

x x x x x x x x
x x x x x x

y = + − + − −
+ − − − −
+ + + +
− +    

(12)

 
 

Model adequacy: 
The coefficient of determination is calculated 

2 99,83%R = , while the corrected coefficient of 
determination has the following value 2 99,75%adjR = . In 

order to check the significance of 2R  a values was 
calculated, having Fisher’s distribution:       

 

  
2

2

0,7028 1222,93
0,005

R

rez

sF
s

= = =     
              

(13) 

 
In Table [5] with Fisher’s distribution ТF was calculated 

with level of significance 0,05α =  and degrees of freedom 
 13Rv = ; 27rezv = :   

( 0,05 ;13 ;27 ) 2,38ТF F= =
            

(14) 
 

As (131,1 2,38)ТF F> >  a conclusion can be 
made that 2R  is significant.  

In order the coefficient to be significant, the following 
have to be valid | | ( ; )T rezit t vα≥ . In Table [6] with 
Student’s distribution, with level of significance 0,05α =  
the following was reported    ( 0,05;27 ) 1,703Tt = = . On the 
basis of a comparison of Tt  with the values of Table [6], the 
conclusion can be made that almost all coefficients are 
insignificant with the exception of one. 

The analysis of the residuals is made by means of the 
charts of standardized residuals, Fig.8.  

 
Table 3                                         Quote from the report 

 
 
The analysis of the residuals is made by means of the 

charts of the standardized residuals, Fig.8.  
The analysis of the residuals does not show disruption of 

the prerequisites for the regression analysis. On Fig. 8  it can 
be seen that all residuals are within the range  0,05± . 
Therefore a conclusion can be made that there are no gross 
errors.   

 

  
 

Fig. 8. Graphs residues 

 
4. Conclusion 
The results from the current study can be 

summarized as follows:   
Experimental setting was created for determining the 

dynamic Young’s modulus - dE , the dynamic shear module - 

dG  , and Poisson’s ratio - µ, by testing the experimental 
samples according to the impulse method of excitation of 
their dynamic system.  

Regression mathematicostatistical models are deduced 
(by using the software product  MINITAB.17), which 
adequately and well describe the functional relation between 
the target functions  - elastic modulus dE  and the 
components of the polymenr concrete composite.    
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